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Newton's Method forPolynomials
Newton's Method doesn't always
onverge to a root.
Example: f(x) = x3 � 5x gives
N(x) = x� f(x)f 0(x) = x� x3 � 5x3x2 � 5:

N has the 2-
y
le 1! �1! 1!



Can do Newton's Method over C:



Here is Newton's Method forx3 � 1 over C:

Initial values whi
h 
onverge to 1are shaded bla
k.



Naive Guess:For a dense open subset of initialvalues, Newton's Method 
onvergesto a root.
Counterexample: Let� f(x) = 12 x3 � x+1.� N = x� f(x)f 0(x).Then:� 0! 1! 0! � � � under N .� N 0(0) = 0, so attra
ting 2-
y
le.Hen
e initial values near 0 or 1do not 
onverge to a root underNewton's Method.



Generally ConvergentIterative Algorithms
In 1985, Smale asked for an iterativealgorithm whi
h:� is rational in the 
oeÆ
ients of apolynomial, and� 
onverges generally to a root of thepolynomial.
Generally 
onvergent means that forf = xn+ a1xn�1+ � � �+ an,� for (a1; : : : ; an) in a dense open subsetof Cn, and� for z0 in a dense open set of C,the algorithm 
onverges to a root of f .



In 1987, M
Mullen proved that aniterative, generally 
onvergent al-gorithm doesn't exist when n � 4.
Also, for n = 3, 
onsider

f(x) = x3+ ax+ b:
Then one 
an show:� Newton's Method for f(x) isnot generally 
onvergent.� Newton's Method forf(x)3ax2+9bx� ais generally 
onvergent.



De�nition of a Generally Con-vergent Iterative Algorithm:
Consider a �eld K whi
h is:� a �nite extension of C(t1; : : : ; tn),or equivalently,� the rational fun
tion �eld C(V )of an irredu
ible variety V .(An example is V = Cn.)
De�nition: A rational iterativealgorithm is an element T 2 K(z),where z is a 
oordinate on

P1 = C [ f1g:



Example: For K = C(a1; : : : ; an)and V = Cn, Newton's Method is
N = z � zn+ a1zn�1+ � � �+ annzn�1+ � � �+ an�1This is an element of K(z).
Notation: Let T 2 K(z). Formost v 2 V , Tv 2 C(z) is de�ned.Thus Tv : P1! P1.
De�nition: T is generally 
on-vergent if fTnv (z)g1n=0 
onvergesfor (v; z) in a dense open subsetof V �P1.



The M
Mullen RigidityTheorem
Theorem: If T is generally 
on-vergent, then for v in a dense opensubset of V , the maps Tv are all
onjugate under PGL(2;C).
Example: For K = C(t), Tt =z � zn�tnzn�1 is generally 
onvergent.If �(z) = z=a, then

� Æ Tt Æ ��1 = Tt=an:



Note also that a = npt implies
Tt = ��1 Æ f Æ �; f = z � zn� 1nzn�1 :This will be useful later.
Corollary: No generally 
onver-gent iterative algorithm for gen-eral polynomial of degree � 4.
Proof: If su
h an algorithm ex-isted for a general polynomial ofdegree n, then the roots would be
onjugate under PGL(2;C).



More pre
isely, suppose f; g havedegree n. If f has roots ai, thenwe 
an �nd zi with
Tnf (zi)! ai

If we have � 2 PGL(2;C) with
� Æ Tf Æ ��1 = Tg;

then setting wi = �(zi) implies
Tng (wi)! �(ai)

Thus the �(ai) are the roots of g.
But the a
tion PGL(2;C) on P1is only 3-transitive!



A Galois Theory ofGenerally ConvergentIterative Algorithms
The output of T is the set

Output(T )

onsisting of all (v; w) 2 V � P1su
h that

w = limn!1Tnv (z)
for an open set of z's. Note that
Output(T ) � f(v; w) j Tv(w) = wg:



Let Output(T ) be the smallestvariety 
ontaining Output(T ).
De�nition: A generally 
onver-gent iterative algorithm T 2 K(z)is irredu
ible if Output(T ) is anirredu
ible variety. We denote itsfun
tion �eld by KT .
Su
h a T gives a �nite extension

K � KT :Let K0 be the Galois 
losure ofthis extension and set
G = Gal(K0=K):



Theorem: (Doyle/M
Mullen)If T is as above, then there are:� f(z) 2 C(z)� � 2 PGL(2;K0)� � : G! PGL(2;C) inje
tivesu
h that:1) T = ��1 Æ f Æ �2) ffn(z)g1n=0 
onverges on adense open set of P1Furthermore:3) f Æ �(g) = �(g) Æ f for all g 2 G.4) �g = �(g) Æ � for all g 2 G.5) All irredu
ible generally
onvergent iterativealgorithms arise this way.



Example: Let K = C(t) andT = z � zn � tnzn�1. Then we have:
KT = K0 = C( npt):

Furthermore:
� f = z � zn� 1nzn�1.
� � = 0B�1= npt 00 1

1CA 2 PGL(2;K0).
� G = f�ig, �i( npt) = �in npt.
� �(�i) = 0B���in 00 1

1CA 2 PGL(2;C).



De�nition: K � L is 
omputableif there are �elds
K = K0 � K1 � � � � � Km

su
h that:� L � Km, and� There are generally 
onvergentirredu
ible Ti 2 Ki(z) su
hthat Ki+1 = (Ki)Ti for all i.
De�nition: A �nite group is
alled nearly solvable if itsJordan-H�older 
omponents areeither 
y
li
 or A5.



The Doyle/M
MullenTheorem and the Quinti

Theorem: K � L is 
omputable() Gal(L0=K) is nearly solvable,L0 = Galois 
losure of K � L.
Proof: We 
an assume theGalois group is 
y
li
 or A5.By the Doyle/M
Mullen theorem,we need to �nd f; �; �.
Cy
li
 Case: Done by previousexample!



A5 Case: Solve the quinti
 byiteration. First use Ts
hirnhaustransformations to redu
e toz5 � 10Cz3+ 45C2z � C2 = 0:
This is the Brios
hi resolvent.
Next proje
t the i
osahedron ontoS2 and then map to the planevia sterographi
 proje
tion. Then
onsider
F (x; y) = x11y+ 11x6y6� xy11:This is invariant under the binaryi
osahedral group and vanishes atthe 12 verti
es.



Then the rational fun
tion
f11(z) = ��F�y (z;1)�F�x(z;1)= �z11+ 66z6� 11z11z10+66z5 � 1has ni
e properties:� f11 
ommutes with A5.� The 20 fa
e 
enters are the
riti
al points of f11.� f11(fa
e 
enter) = 
enter ofantipodal fa
e.Thus the fa
e 
enters give ten2-
y
les for f11.



Dynami
al Systems Theory )there is a dense open set of P1on whi
h
ffn11(z)g1n=0


onverges to of the ten 2-
y
les.
Then f = f11 Æ f11 is what wewant! It remains to:� Find �.� Compute T = ��1 Æ f Æ �.� Relate to Brios
hi resolvent.This gives the following algorithm.



The Algorithm
De�ne g(Z;w) to be the polynomial:
91125Z6+ (�133650w2+61560w�193536)Z5+ (�66825w4+142560w3+133056w2 � 61440w+102400)Z4+(5940w6+4752w5+63360w4�140800w3)Z3+ (�1485w8+3168w7�10560w6)Z2+ (�66w10+440w9)Z + w12
De�ne h(Z;w) to be the polynomial:
(1215w � 648)Z4+ (�540w3 � 216w2�1152w+640)Z3+ (378w5 � 504w4+960w3)Z2+ (36w7 � 168w6)Z



To solve s5 � 10Cs3+ 45C2s � C2 = 0,pro
eed in �ve steps:1) Set Z = 1� 1728C.2) Compute the rational fun
tionTZ = w � 12 g(Z;w)�g�w(Z;w):3) Iterate TZ(TZ(w)) on a random start-ing point until it 
onverges to a limitpoint w0. Set w1 = TZ(w0).4) For i = 0;1 
ompute�i = 100Z(Z � 1)h(Z;wi)g(Z;wi) :5) Finally, for i = 0;1, 
ompute
si = (9+p�15)�i+ (9�p�15)�1�i90 :Then s0 and s1 are two roots of theBrios
hi resolvent!


