COMPLEX HYPERBOLIC IDEAL TETRAHEDRAL GROUPS.

ALBERTO CASTRO

ABSTRACT. Tetrahedral groups are defined as groups of complex reflections
on four planes, such that those planes form a tetrahedral configuration with
vertices in the boundary of H?(’j We prove that the complex tetrahedral groups
that are complexifications of real groups (i.e. subgroups of PO(3,1)) do not
admit discrete deformations. To achieve this, the structure of the subgroups
that stabilize the vertices is studied and it is proven that they correspond to
certain discrete representations of abstract triangle groups A in the Heisenberg
group. This representations are studied and complete results are given for
the case of A been of Euclidean or spherical type. We also show an explicit
representation of a hyperbolic triangle group in Hs.

1. INTRODUCTION

In this work we try to understand the geometry of some of the most funda-
mental geometric objects in complex hyperbolic n dimensional space, namely, ideal
tetrahedrons. (For n > 2.) By Mostow’s rigidity theorem [13] any cocompact and
discrete subgroup of isometries G that acts freely in Hg is rigid. In other words, G
is the fundamental group of a manifiold M = H /G, and G determines M uniquely
up to an isometry. This theorem is not longer true in general for cusped manifolds.
In [10] Goldman and Parker showed that discrete deformations of an ideal triangle
group of reflections are possible in PU(n,1) (the isometry group of complex hy-
perbolic n-space, Hg), even though that is not possible in PO(n, 1) (the isometry
group of real hyperbolic n-space). Motivated by that work we ask the question of
whether deformations of other groups of reflections are possible. This paper par-
tially answers this question in the negative for the simplest generalization of the
class of groups studied by Goldman and Parker, namely complez ideal tetrahedral
groups.

There are other questions that remain to be addressed. For example to obtain
the complete classification of all discrete tetrahedal groups. Some work has already
been done on that direction. In [6] the possible cusps for tetrahedral groups are
classified.

Consider a set of four points C = {Q1, Q2, @3, @4} C OHE such that no three of
them are contained in the boundary of a one dimensional complex linear subspace of
H% For any three points in C, construct the unique complex two linear subspace in

& that contains those points in its boundary. Associated to each of these complex
planes there is a complez reflection, that is to say, an elliptic isometry of order two
that fixes the plane. The group generated by the four possible reflections will be
called the ideal tetrahedral group associated to the configuration C.

Using the diagram shown in figure 1 as a reference we fix some notation. Name
pi the reflection on the complex two plane that contains C — {Q;}. The map p;p;
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will be denoted by v;;. This map fixes the complex line through @ and @, where
{4,4,k,1} = {1,2,3,4}. Using this notation we write from now on:

K = {p1,p2,p3,ps) C PU(n,1)

for the ideal tetreahedral group associated to the configuration C.

The first observation one can do is that any four points in the boundary of Hg
are always contained in a three dimensional linear subspace. This linear subspace
can be considered as an immersed copy of HE in HZ. Therefore it is enough to
restrict the discussion to Hg, as we will do in all this paper.

The union of the four complex planes determined by the configuration of points
C will be called the complez tetrahedron or complex tetrahedron associated to C.

Q.

FIGURE 1. Representation of a complex ideal tetrahedron with
vertices in C

An analogous construction can be done in the case of real hyperbolic three space
(see for example [16] and [3]), the resulting group, which we call K is a subgroup of
PO(3,1) that depends on one complex parameter z. As it is well known, OH3, = C
—the Riemann sphere— and any four distinct points in 8H% can always be mapped
to 0, 1, oo and z € C by an element of PO(3,1).

Theorem 1.1. The group Kg is discrete if and only if 0, 1, and z are the vertices
of a Euclidean triangle in C with interior angles (w/2,7/4,7/4), (7/3,7/3,7/3) or
(m/2,m/4,m/4).

For a proof of the previous theorem see, for example, [15, Theorem 7.1.3]. In
other words, up to isometries of H,, there are only three discrete real hyperbolic
triangle groups. By the natural inclusion PO(3,1) C PU(3,1), the group Kr also
acts in Hg,, we call this class of groups real tetrahedral. Geometrically, the inclusion
Kgr C PU(3,1) corresponds to assigning every generating reflection £ of Kgr, the
complex reflection pg that fixes the unique complex plane that contains the real
plane fixed by £&. The complezified group K will be then the group generated by the
reflections pe. We prove that these groups do not admit deformations in PU(3, 1):

Theorem 1.2. Let K C PO(3,1) C PU(3,1) be a real tetrahedral group, then it
does not admit any deformations in PU(3,1) that are not induced by isometries.

To study the group K it is necessary first to concentrate on the subgroups
generated by three of the reflections that generate K. Define the group G as the
group in PU(3,1) generated by p1, p2 and ps. Since PU(3,1) is transitive in HE,,
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it can be assumed without losing generality that Q4 = po. This is the point of
intersection in OHY of the three complex two-planes fixed by the reflections p;.
Call the corresponding two-chains Py, P> and Pj3, respectively.

The group G stabilizes ps, hence it can be considered as a subgroup of the
symmetry group of H; (that is identified with 9H — {poo}). The same notation
will be used for an element of G acting in H and for the induced map on Heisenberg
space. The chains P; are vertical in Hs, therefore the reflections p; all have the form
p =ToS, where T is a Heisenberg translation, and S is a complex reflection about a
vertical two-chain through the origin of Hs. This characterization of the generators
of G shows that G is a subgroup of the Heisenberg isometries (Isom(Hs)). If all the
two-chains coincide then K = G = Z/2Z, in that case we will say that the group
K (or G) is almost trivial.

A necessary condition for K to be discrete is that G is also discrete, and hence
all the subgroups of G should be discrete. We will say that G is discrete on dihe-
dral subgroups if the subgroups (p;, p;)i=; are discrete in Isom(Hs). The following
theorem (that will be proved on section 3) relates all these facts.

Theorem 1.3. If the group G is discrete on dihedral groups then G is the represen-
tation of a triangle group A. If the group G is finite then it is isomorphic to Z/2Z,
in that case we will say that the representation is almost trivial. In particular,
representations of spherical triangle groups are almost trivial.

Let H be an abstract group and W a subspace of C"~!, a representation ¢ :
H — Tsom(C"~1) is said to be induced by a representation ¢ : H — Isom(W) if
qNSop = po ¢, where p : C* — W is the orthogonal projection. A representation
¢ : H — Isom(Ha,_1) is said to be vertical if there exists a representation ¢ : H —
Isom(C"~ 1) so that ¢ = Iy o ¢ and ker(¢) = ker(¢). A vertical representation ¢
will be called real if there exist a real (n — 1) dimensional subspace W C C"~! such
that IIy o ¢ is induced by its restriction to W.

Theorem 1.4. If A is an abstract triangle group of Fuclidean type, the represen-
tation ¢ : A — G C Isom(Hs) is discrete if and only if it is real.

It is important to observe that although the group K is determined by the
position of four points in 9H%, the group G is only determined by the three vertical
1-chains defined by: ¢;; = P; N P;. These three 1-chains are the boundaries of the
complex geodesics that join the point at infinity (po) with the other three points.
We will call the union of these chains £. Moreover, since each of the 2-chains P; is
vertical, its vertical projection onto C? will be a complex line I;, and the vertical
projections of the 1-chains ¢;; is the point p;; of C? defined by the intersection of
the lines I; and [;, respectively. Therefore ITy (L) = {pi2, p13, p23}, and theorem 1.4
can be rephrased as follows:

Theorem 1.5. If A is an abstract triangle group of Euclidean type, the represen-
tation ¢ : A — G C Isom(Hs) is discrete if and only if Iy (L) is contained in a
totally real subspace of C2.

Theorem 1.2 can now be proven by applying this theorem on each of the vertices
of the complex tetrahedron associated to C. As a result of the study of representa-
tions of triangle groups we will also prove:

Theorem 1.6. There exists a (non real and non faithful) representation ¢ : A —
Isom(Hs) of a hyperbolic triangle group A = Ay 4.4y
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John Parker has noticed that this is a subgroup of the matrix group GL(4, Z[i]),
and therefore this representation is discrete. The associated tetrahedral groups
form a 2 dimensional family of groups, there is evidence that the representation of
the associated tetrahedral group is rigid (that is all representations are conjugate
by an element of PU(n,1)). This result together with the complete classification of
all possible representations of hyperbolic triangle groups will be treated separately
in a future paper.

This paper is organized as follows. In section 2 we introduce the basic definitions
and notations of complex hyperbolic space and its boundary, the Heisenberg group,
and Cartan invariant. We also review some basic facts on triangle groups, the
geometry of SU(2) and of C2. Section 3 gives an explicit form for the group G, and
proves that G is a representation of a triangle group. In section 4 we prove that G
can not be finite unless the group K is isomorphic to Z/2Z. Section 5 is devoted to
the study of discrete representations of a (hyperbolic or Euclidean) triangle group
in Hs, we specialize to the case of Euclidean triangle groups and prove that in that
case the representation must be real. Finally in section 6 we return to tetrahedral
groups and, using the geometry of H%, prove theorem 1.2.

The main results of this paper are part of my thesis, I would like to thank my
advisor, Domingo Toledo, for all his help and support. I would also like to thank,
A. Bernasconi, N. Brady, and M. Kapovich for helpful discussions while this paper
was been developed, and J. Parker who read earlier versions of this manuscript and
gave me very useful suggestions to improve the presentation of the paper.

2. PRELIMINARIES

The material of 2.1, 2.2, 2.3 and 2.4 is a review of the geometry of complex
hyperbolic space and its boundary, the Heisenberg space. The main reference for
these topics is [9], see also [5], [11], [14] and [17]. In 2.5 we write explicit formulas
for complex reflections and the angle of holomorphy of a 2-plane in C2. Triangle
groups and quaternions are reviewed in 2.6 and 2.7, respectively.

2.1. Complex Hyperbolic Space. Let us define the space C™! as the vector
space C"*1 with the Hermitian bilinear form (Z, W) = zjw; + --- + 2,0, —
Zn41Wn41 for vectors Z = (z1,...,2p41) and W = (w1,... ,wp41). A vector
v € C™! is said to be negative (respectively positive or null) if (v,v) < 0 (respec-
tively (v,v) > 0 or (v,v) = 0). Similarly, since the bilinear form is homogeneous,
equivalence classes in P(C™1!) are divided in negative, positive or null. Complex
Hyperbolic n space, denoted HE, is defined to be the set of negative equivalence
classes in P(C™1).

We fix the notation {(z,w)) = 211 + - - - + 2, W, for the usual Hermitian pairing
of vectors z and w in C™.

Complex hyperbolic n space admits a Bergmann metric that is PU(n, 1) invari-
ant and of constant holomorphic sectional curvature —1. The group of holomorphic
isometries of HE is PU(n, 1). The isometries with a fixed point inside Hg are called
elliptic. Those that fix a unique pair of points at the boundary are called loxodromic.
And the isometries that fix a unique point at the boundary are called parabolic.

Let V be a k+ 1 complex dimensional subspace with nontrivial intersection with
the cone C' of negative vectors in C™!. The projection of V N C to HY defines a
complex linear k-dimensional subspace of H¢,. Similarly, given a k+1 real subspace
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W of C™! with nontrivial intersection with the cone C, the projection of W N C
to H¢, defines a real k-subspace.

Real subspaces of dimension one are geodesics. Any real k-subspace (k > 1)
is a totally geodesic real k dimensional smooth manifold of H¢ whose sectional
curvature is constant equal to —1/4 (this of course depends on the normaliza-
tion Ky = —1 for the holomorphic sectional curvature). Note also that complex
geodesics (complex linear one-dimensional subspaces) are subspaces of constant
curvature —1.

2.1.1. Reflections in HY. Let F be a complex codimension one subspace of C™1,
such that the Hermitian form restricted to F' is non degenerate. Then there is a
positive vector f € C™! such that F = f+. A reflection o of order two around the
complex n — 1-space defined by f is defined by the formula:

(Z, 1)
(£: 1)

In this paper we will call the reflections of order two, for short, reflections. Any two
reflections that fix a point p, € OHE are conjugate to each other by a reflection
fixing peo. In particular all reflections fixing po = (0,...,0,—1,1)* are conjugate
to the reflection defined by the matrix

-1 0
A:( 0 In> e U(n,1).

2.1.2. Horospherical Coordinates. Goldman and Parker ([11], see also [9]) define
horospherical coordinates for points Z in ﬁg via the correspondence
C" ' xR xRsy — HG— {poo}
¢vu) — Z

or(Z2) =2 -2 I

here (¢,v,u) are called the horospherical coordinates of the corresponding point Z
in H.g The inverse of this correspondence is given by

A I — Zn
(Bt
Zn —+ ZTL+1 Zn + Zn+1
(Z,2)
U= ——"55"7+5-
‘Zn + Zn+1|2

Level sets of the function u define horospheres (in the sense of [2]) centered at the
point ps. The coordinates ({,v) represent the parabolic transformation defined by
the matrix:

In—l L C C
W HGw=| ¢ 1= - 4 - i
¢ Kl —iv) T4 ([C]* = dv)
that takes the point p, = (0/,1,1)" with horospherical coordinates (0,0,0) to the

point with horospherical coordinates (¢, v, 0).
The stabilizer of p,, contains also the group of elliptic transformations given by

U 0 0
(2) Ruy=|0 10
0 0 1
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where U € U(n —1). The transformations that are compositions of elliptic (2) and
parabolic (1) transformations are called ellipto-parabolic.

2.2. The Boundary of H{ and the Heisenberg Group. The set of auto-
morphisms of the form (1) form a nilpotent subgroup of PU(n,1) that acts simply
transitively on the boundary minus p.,, we will call this group the Heisenberg group
(denoted by Hap—1) and we will identify it with the points in OHE — {poo}. The
group multiplication is given by the formula:

(va) : (Zau) = (C +z,o+tu+2 Im<<<7z>>)

2.2.1. Automorphisms and Isometries. We distinguish three subgroups of automor-
phisms in Ho,_1:

e Heisenberg dilations, defined for every number s > 0 by D4(¢,v) = (s¢, s%v).

e Heisenberg translations, defined for every (z,u) € Ha,—1 via the group mul-

tiplication by T, .,y(¢,v) = (z,u) - (¢, v).

e Heisenberg rotations, A - (¢,v) = (A¢,v), for A € U(n — 1).
The group generated by these transformations is the group of automorphisms
of Hap—1 (denoted by Aut(Hs,—1)) and corresponds to the stabilizer of po, in
PU(n,1). Heisenberg translations of the form T{ ) are called vertical and they
compose the center of Hs,_1. The Heisenberg group is in fact a central extension
of C"~1 by R, and hence also Aut(Hz,_1). We will write Ha,_1 = C" x R and
Aut(Hgnfl) = Aut(C”) x R.

The Cygan metric is defined in Ha,_1 by

de((¢v), (&w) = (¢ 0) 7 (& )],
where
(¢ o) = (I + 0™
The subgroup of Aut(Hz,—1) that leaves this metric invariant is called the set

of isometries (denoted Isom(Hap,—1)) of Hap—1. This group is isomorphic to the
semidirect product of Ha,—1 with U(2): Isom(Hap—1) = Hopn—1 ¥ U(2).

2.2.2. Vertical and Geodesic Projections. The real geodesic that joins the point in
HY, with horospherical coordinates ({,v,u) and the point at infinity, poo is ¢ —
((,v,t), t > 0. Allowing ¢ to attain the value 0, one gets to the boundary of
HZ. Then the point with horospherical coordinates (¢, v,0) € 0Hg will be written
simply as ((,v). The projection of HZ to OHg along these geodesics, called the
geodesic projection, which in horospherical coordinates is given by:

(3) Hg:HTé — H2n—1
Cvu) = (Go).

For more details see [9] and [11].

2.2.3. Contact Structure on OHg. The boundary of complex hyperbolic space OH¢ C
P(C™!) admits a canonical CR structure. A CR structure is a codimension one
plane field € of the tangent bundle T'(0HY,), carrying a complex structure satisfying
certain integrability conditions (for details see [9] and [12]). In M = 0Hg the CR
structure € = {E, }zenm, is defined by:

E, =T, MNJIT,M
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This CR structure is also a contact structure. A contact structure of M?"~1 is a
nondegenerate hyperplane field € (see for example [1]) in the sense that w A dw™ 1
is a volume form for M, where w is a calibration for £. A calibration for £ is a one
form w: TM — R such that kerw = £. Calibrations are not unique but given two
different calibrations w; and wy of &, there is a nonzero function f : M — R such
that wq = fws. A calibration for OHg — {poc} = Hapn—1 in terms of horospherical
coordinates of the boundary (¢, v) is given by

(4) w(¢,v) = dv+ 2 Im{(d¢, C).

2.3. Chains and R-spheres. The boundary of a linear complex subspace of di-
mension k in H is called a k-chain (or simply a chain if k = 1). The k-chains
containing p., are called wvertical. In Heisenberg coordinates they are preimages
under the vertical projection (Ily) of complex affine k — 1-subspaces of C"~!. The
vertical projection to C"~! of a non infinite k-chain is a (2k—1)-dimensional sphere.

The boundary of a totally real k-subspace (k > 1) in Hg is called an R"-
sphere (or R-circle if k = 2). Note that an R¥-sphere is a smooth manifold of real
dimension k£ — 1. A RF-sphere that contains p. is called infinite. In particular,
in H?(’j the R3-sphere corresponding to H% (the real points of Hg) is an infinite
R3-sphere S. In horospherical coordinates

S={(¢v) €Hs|¢€R? and v =0}.

If P C HY is an R¥-plane, then the R-sphere 9P C 0HY is CR-horizontal with
respect to the canonical CR-structure on OHE.

Theorem 2.1. Let L* C HY be a C*-plane and OL C OHY = Hap—1 U {poo} its
bounding k-chain. Let Iy : Ha,_1 — C™~ ! be the vertical projection.

i) If OL is vertical then Ty (0L — {pso}) is a C-affine subspace of C"~1 of
dimension k — 1 and OL — {peo} = Iy (TIy (DL — {poc}))-
ii) If OL is finite, then Ily maps OL bijectively onto a Buclidean sphere in C™~1
of dimension 2k — 1.
iii) Two Ck-chains having the same vertical projection differ by a vertical trans-
lation.

Theorem 2.2. Let S C OHY = Ha, 1 — {Poo} be an RF-sphere containing poo .
Then S — {poo} is an affine subspace in Hapn—1 such that the vertical projection
Oy : Hop1 — C" 1 maps S — {peo} injectively onto an affine totally real subspace
of C™ 1L,

For proofs of these theorems see [9].

Let L be a complex geodesic in H2C, and let ¢, be the inversion (i.e., complex
reflection of order two) around L. Let ¢ be the corresponding chain: ¢ = 9L.
Following Goldman ([9]) define the center of a finite chain ¢ C Hs to be the point
O. = t1.(Poo)- The radius of the chain is defined to be the radius of the projected
circle Iy (¢) € C. The radius and center define a chain ¢ in a unique way. A chain
with radius rg and center O, = ({p, vg) is defined by the equations:

(5) € = Coll =70, v =10—2Im({C, o).
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2.4. Cartan Invariant. Following Elie Cartan [4] given a set of three points z =
(21,22, z3) in OHY define the invariant A(x) by:

A(z1, 9, x3) = arg(— (X7, Xo, X3)),
where X; are null vectors representing the points z; and
(X1, Xo, X3) = (X1, Xo) (Xo, X3) (X3, X7).
This invariant satisfies the following properties:
i —m/2 < Ax) <7/2
ii. A(z) =0 <% xq, 29,23 lie on an R-circle;

ili. A(z) ==+7/2 < 1,29, 23 lie on a chain;
iv. If g € PU(n, 1), then

A(g(z1),9(w2),9(x3)) = A(w1, 22, 73);

v. if ¥y is the unique complex geodesic joining z; and z and 1112 : HE — 19
is the orthogonal projection, then A(z1,z2,x3) = Area(A)/2, where A is the
hyperbolic triangle in ¥15 with vertices x1, zo and II12(z3).

By the following theorem of D. Toledo (see [9] and [17]) A is a cocycle.
Theorem 2.3. Let x1,x2, 23,24 € OHE, then
A($1,$2,.’E3) - A(l’g,xg, ‘T4) + A(1'3,$4, xl) - A(LL’4,§I;1, xQ) =0.

Lemma 2.4. Identify OHY — poo with Hs. Let po and p be the points in Hs
with horospherical coordinates ((0,0),0) and ({,0), respectively (¢ € C?).Then
A(poo; po, p) = arg(|I¢]|* +iv).

Proof. The points ps, po and p correspond to the null vectors
0’ 0’ 2¢

Po=1| -1, P= 1|, P=|1—||*+iv

1 1 L+ [¢]|2 —iv

respectively, with ¢,0’ € C2. The Cartan invariant is given by:

A = A(peo; po, p) = arg(—(Peo, Po, P))
= arg(—(Pso, Po)(Po, P)(P, Px)) = arg(||¢[|* + iv).

Another, more geometric, proof can be deduced from the following fact (see [9,
pp ?7]):

Let ¥ C HE, be the complex geodesic 0 x HE C HE bounded by the chain that
corresponds to the wvertical axis V. = {(0,0)} x R in Hs. Then the expression
Y(¢,v) = ||€||?> — iv represents the composition of the orthogonal projection Il :
HY, — X with the embedding ¥ — C as the right half plane b.

The half plane h has a Poincaré metric given by ds = |dm—zl. By definition (see 2.4)
the Cartan invariant A = A(peo,po,p) is equal to half the signed area of the
hyperbolic triangle in § with vertices co, 0 and w = Y(p). Denote by A,, the ideal
triangle with vertices 0, oo and w. And denote by [z,y] the hyperbolic geodesic
segment with end points x and y.

By definition, we have:

1 d 1
(6) A=z [ E-tzm—a-p-n.
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The angles a, § and « are the interior angles of A,, at oo, 0 and w, respectively.

(Compare Figure 2.) The angles a and [ are zero, because 0 and oo are ideal
points.

C\JW

y

=0

FIGURE 2. Hyperbolic triangle on ¥ with vertices co, 0 and w = Y (p).

To compute v observe first that if argw = 0 then w would lie on the geodesic
segment [0, 00]. In that case d = m and A = 0. Suppose that argw # 0, and from
now on refer to Figure 2. The hyperbolic geodesic segment [0, w] is an arc of the
circle |z — ¢| = |c|, with center ¢ = i|w|?/(2S w).

The tangent vector to this circle at w is the vector w’, which is orthogonal to
v = w—c. More precisely w’ = iv = iw—ic. The angle d between the segments [0, w]
and [w, oo] is equal to d = — arg(—w’). Assume first that arg w > 0. Replacing w’
in the previous formula and simplifying:

v =—arg(—w') = —arg(ic — iw)
|w]?

=— arg(—Q%w —iw) = —arg(3Fw — N2 w — 2R wS w)

= —arg(—w?) = —(arg(w?) — 1) = 7 — 2arg(w).
Therefore )
Al = 5(m—a =B —7) = arg w = arg(|[¢||* + iv).
The integral of equation (6) has negative sign for arg w > 0 and positive sign

for arg w < 0. Putting all this together it follows that A = —arg w = arg w =
arg([|¢[|? + iv), as claimed. -

2.5. Angles and reflections in C2?. A few elementary results about the geometry
of C? are needed and are included here.
The angle between the complex lines Spang = and Spang y in C™ is given by:

(=, y) (y, =)
(@, 2) (y, v

Lemma 2.5. Let ¢ = (q1,q2) € C?. The complex reflection in C? about the com-
plez line Spang(q) is given by:

() R ( cos 20 e'@=F) sin 26 )
- i
e

(7) cos? § =

iB~a) gin 20 —cos 20
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where o = argq1, [ = argga and 0 is the angle between Spang q and Spang(e; =

(1,0)).

Proof. Without losing generality assume that ||¢|| = 1, a simple computation shows
that:
2 _ 2 2q q
9 R _ |q1| _ ‘C]2| 1492 .
©) ( 2q,42 |2]® = | [?

(It is easy to verify that R? = 1 and Rq = ¢q.) Replacing = e; and y = ¢ in
equation (7) we obtain cos? = |q;|?. Then sin®@ = |go|?. Since ¢; = |q1|e’® and
¢2 = |g2/€”®, the lemma follows. O

Lemma 2.6. Let p,r € C? be two non-zero vectors that are not R-collinear. De-
fine the real two-plane V(p,r) = Spang {p,r}. Denote by 0 the angle between the
complex lines Spang p and Spangr, and let o = arg{p,r)). Then the angle of
holomorphy ¢ of V(p,r) is given by the formula:

| sin o
Vsin? o + tan? @
Proof. We can take p and 7 to be of unit length. Let start by considering the
special case where p = e; = (1,0) and r = (r1,72), and write V(er,r) = V..
Replace r by the vector y = §/||7||, where § = r — (e1|r)e;. Take two unit vectors
u=uie; +uy €V, and v = vy ie; + vy iy € V,., the angle of holomorphy ¢ of the
plane V. is given by:

(10) cos p =

cos ¢ = sup |(ulv)| = sup [|R{us e1, va i) + R{v1 y, uzie1 )]

up U1
Uz V2

Re1, ).

— sup|

u,v

But also u? + u3 = v} + v53 = 1, then the maximum value of this determinant is
one. Furthermore ||§|| = /1 — (Rr1)2 = /(S71)2 + [ra|?, thus

IS ~ x
cos ¢ 1S{e, ghl S

VO +IrP B+l

Finally replace in this last equation r; = |rq]e’® and remember that |r;| = cos § and
|r2] = sin 6, where 6 is the angle between the complex lines Spang e; and Spang r
defined by (7). Therefore we obtain

|Sete| | sin o

\/(gem)z + |ra|2/|r1|? \/Sinza—&—tanQ@-

For the general case p = (p1,p2), the matrix,

P = < pl pQ )
P2 N
belongs to U(2) and takes p to e;. Therefore the angle of holomorphy of V(p,r)
equals that of Vp,, and the angle 6 between Spane p and Spane 7 equals the angle

between Spance; and Spang Pr. The first coordinate of the vector Pr equals
D171 + Dar2 = (r,p)). Then, by equation (11), the lemma follows. O

(11) cos ¢ =
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2.6. Triangle groups. For any three integers p,q,r > 2 denote by A = A, 4
the abstract triangle group with presentation

A = {(a,b,c| a®,b%,c2, (ab)?, (bc)?, (ca)™).

Let AT = A+(p7q,r) denote the index two subgroup generated by the orientation
preserving elements: « = ab, 8 = bc, and 7 = ca. The presentation of this group
with these generators is:

AT =(a,B,7]a”, 57,9, aB).

Abstract triangle groups A, 4. are of Euclidean, hyperbolic or spherical type
depending on whether the quantity 1/p + 1/q + 1/r is equal to, less than or bigger
than one, respectively [8]. Euclidean and hyperbolic triangle groups are infinite,
whereas spherical groups are finite. Each traingle group admits a a standard repre-
sentation as a group of reflections in the Euclidean plane, the hyperbolic plane and
the sphere, respectively. Any group with presentation A, 32, p > 2 is spherical.
The only triangle Euclidean groups are Az 4.4y, A2,3,6) and Az 3 3).

The following theorem and lemma are elementary and the reader is referred to [5]
for proofs. The conclusion of the theorem also holds for A™T.

Theorem 2.7. Let A be a triangle group of Euclidean or hyperbolic type. Then
the element T = ayf3 = (abc)? has infinite order in A.

Lemma 2.8. Let A = A, 4. be an abstract Euclidean group. Let A — Isom(R?)
be a representation of A such that,

1. each generator of A (a, b and ¢) is identified with a reflection s, (respectively
sp and s.) on a line L, (respectively Ly and L.),
2. the lines Ly, Ly and L. are not pairwise parallel,
3. the products of generators are nontrivial and have orders exactly p, q and r
for o = 545p, T3 = SpSc and Ty = S.Sq, respectively.
Then the triangle formed by the lines Lo, Ly and L. has interior angles 7/p, 7/q
and 7 /r at the points A = LyN Ly, B = LyNL., and C = L.N L,. And the
rotations ro, 3 and r are all in the same direction with angles 27 /p, 2w /q and
27 /r, respectively.

2.7. Quaternions and Unitary Automorphisms. The main reference for this
section is the book [7]. Define the non commutative field of quaternions (H) by

H={z+wj|zweC,j*= -1, zj = jT, Va € C}.

The conjugate T of x = z + wj € H is defined to be T = Z — wj. And the norm is
|lz||*> = Tz = |2|> + |w|®. The unit quaternions, denoted by S'H, are the elements
of H of norm one. Since ||zy|| = ||z|| - ||y||, the unit quaternions form a subgroup of
H.

Identify C? with H by (z,w) < 2z +wj. The group of unit quaternions acting on
C? by right multiplication is isomorphic to SU(2) via the map:

wmats o= (5 L),

for K € SU(2) and x € S'H. Maximal abelian subgroups of SU(2) are tori. This
is not true in general for general compact Lie groups (e.g. the maximal abelian

subgroup of SO(3) is Z/2Z x T, where T is a maximal torus). A maximal torus T
for SU(2) can be identified in STH with the set of unit complex numbers S1.
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The following is a standard fact of the Weyl group of SU(2); we will use this
result often.

Lemma 2.9. Let T C SU(2) be a mazimal torus. If g is an element of SU(2)
such that g7'Tg C T and g € T then, g 'tg=t"" for allt € T.

3. REPRESENTATIONS OF TRIANGLE GROUPS IN Isom(H3)

3.1. Explicit description of the Group in Hs. Any vertical 2-chain P is the
inverse image under the vertical projection of a complex line | C C2, that is P =
Iy ~'(1). Denote by s the Heisenberg reflection around P, and let T be a Heisenberg
translation so that T'(P) contains the origin. If p is the Heisenberg reflection around
T(P), then
s=T topoT.

The reflection p is defined by p(¢,v) = (R(,v) where R € U(2) and R* = I.
The matrix R defines a complex reflection on C? that fixes the complex line | =
IIy (T(P)). We will call R the linear part of s.

We need to describe the group G, which is the group generated by the reflections
on the three 2-chains P, P, and Ps.

Lemma 3.1. Let C = {Q1,Q2,Q3,Q4} be a set of four different points in OHE.
Then there is a holomorphic isometry of H, that maps the set C to the set P =
{Poo, D0, D1, Pq}, S0 that the horospherical coordinates, centered at ps, of the points
of the set P are:

Poo = 0, PpPo = ((0’0)’0)
p1 = ((170)’1}1)7 Pq = (Qav2) = ((Q1,Q2)’U2)-

With ¢ = (q1,92) € C x R and vi,v2 € R. In particular, the infinite one chains
joining pee with po, p1 and py are determined by Iy (po), Iy (p1) and Iy (py).

The proof of the first part of this lemma is elementary and it consists on applying
the full set of holomorphic isometries of HZ, to the points in C (for details see [5]).
The claims about the two-chains follow from the description of infinite two chains
given above.

From now on we will normalize the points of C according to Lemma 3.1. The
associated chains will be denoted by P; for the vertical chain through py and py, P
for the vertical chain through py and p, and Ps for the vertical chain through p; and
pg- The lines in C? corresponding to these chains are l; = Spang e1, l2 = Spang g
and I3 = e; + Spanc(q — e1), respectively.

Remember that the group G is the group generated by reflections around the
chains Py, P, and P3;. By lemma 2.5 the rotational parts R; of the reflections on
C2 about the lines [; are:

Lemma 3.2.

1 0
(12) R = ( Lo )
cos 20 e sin 20
(13) Ry = < e 'sin20 —cos20 )
_ cos 2 e sin 20
(14) Ry = < e Psin2yp —cos2i )
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where 0 is the angle between Spang(q) and Spanc(er), ¥ is the angle between
Spanc(q — e1) and Spang er, o = arg{{e1,q)) and § = arg{e1,q —e1).

Proposition 3.3. With the normalization of Lemma 3.1, the group G is generated
by the following Heisenberg-refiections:

(15) SI(Ca ”U) = (ng; U)

(16) SQ(Cu U) = (RQCa 7})

(17) 53(C,v) = (R3 0 T(w,0))-(¢,v)
where w = Rseq — e = ( g??ﬁzzn;; ) )

Proof. The only thing left to do is the derivation of the formula for sj:
83 = T(ey,0) © 113 0 T(—e1,0) = B3 0 T(Rye1,0) © T(~e1,0)
= R3 0 T(Rye1—e1,—25(Raer,er)-

Using equation (14) it is easy to check that S{Rse,e1)) = 0. O

3.2. Faithfulness on Dihedral Groups. We will prove now that G is a repre-
sentation of an abstract triangle group in Isom(Hs).

Proposition 3.4. If G is discrete in Hs, the subgroups D; ; = (s;,8;), i < j are

isomorphic to an abstract dihedral group D; j = (04,05 |07 = 03 = (0304)P = 1).

Proof. Observe that D o fixes the origin and that the subgroups D; 3 and D, 3 can
be conjugated to groups fixing the origin as well. It is enough then to prove the
lemma for Dj 5. From proposition 3.3 s152(¢,v) = (R1R2(,v) is elliptic, but Dj o
is discrete, which implies that s;ss is of finite order p, and the lemma follows. [

The following proposition follows as a direct consequence of this lemma.

Proposition 3.5. The group G is a representation of a triangle group A = Ay 4.
into Isom(Hs). In other words there exists a group homomorphism ¢ : A —

Isom(Hs) such that p(A) = G.

Proof. Define ¢(a) = s1, ¢(b) = s2 and ¢(c) = s3. From the previous lemma s;s;
has finite order, say (s152)? = (s183)7 = (s2s3)" = 1. This implies that ¢ extends
to a homomorphism of the the group A to G. O

Following the notation of proposition 3.4, a representation ¢ : A — G is said
to be faithful on dihedral subgroups if ¢|p; ; is injective for all ¢ # j. We say that
¢ is discrete on dihedral subgroups if ¢|p; ; is injective and discrete, for all i # j.
Note that if ¢ : A — Isom(Hs) is faithful on dihedral subgroup, the representation
¥+ A — Aut(C?) defined by 9 = Ily o ¢ is also faithful on dihedral subgroups.

4. FINITE GROUPS

We start by analyzing representations of spherical triangle groups in Hs. In this
section we shall show that a faithful and discrete representation of a spherical group
is necessarily trivial.

Proposition 4.1. If the group G = (p1, pa, p3) has a fived point inside HY,, then
K >7/2Z.
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Proof. The group G is a subgroup of H;s x U(2) which is a subgroup of the stabilizer
of poo. The group G stabilizes also the horospheres centered at po.. Suppose that
the fixed point has horospherical coordinates p = ((p,vo,u0) € Hg. Its image
under geodesic projection
pg = Ily(p) = (Co, v0)

must also be fixed by K|y, = G.

Then the point p, is fixed by G = (s1, 2, s3) and in particular by s1, s and s3.
The fixed point set of s; in Hs is equal to

Fix(s;) = Iy~ (L)

Therefore Il (p,) € N?_,l;. The intersection of the three lines {/;}?_, must be
nonempty, and this implies that ¢ € Spang{e1} = l;. Therefore all three lines
are the same. This means that all the points of C will be contained in the infinite
2-chain defined by IIy, *(I1), and the proposition follows. O

Corollary 4.2. Let ¢ : A — G be the representation described above. If the ab-
stract group A is spherical, K = Z /27.

Proof. Regard G as a subgroup of PU(n,1). Suppose A is spherical, therefore it
is finite, and the group G = ¢(A) is finite too. Since G acts in HE by isometries
and H?(’j has negative curvature G must have a fixed point in H% By the previous
proposition this implies that G = Z/2Z. This can only happen if all the vertices of
the tetrahedron belong to the same two chain. But this implies that K = G. O

Definition 4.3. We will say that a representation ¢ : A — Isom(H) of an abstract
group A into the isometry group of a Lie group H is almost trivial if ¢(A) = Z/27Z.
In that case we will say too that ¢(A) is almost trivial.

To summarize the results of this section we have:

Theorem 4.4. If the group G generated by the reflections on three vertical 2-chains
is discrete in Isom(Hsy) then G is a representation of an abstract triangle group A.
If the group G is finite then G is almost trivial. In particular, this implies that
nontrivial representations of spherical triangle groups are always almost trivial.

5. DISCRETE REPRESENTATIONS OF TRIANGLE GROUPS.

The main result of this section is that the representation
¢ : A — Isom(Hs)

is real and faithful on dihedral groups iff A is of Euclidean type. In this case
¢ is also faithful. We also show that representations faithful on dihedral groups
of hyperbolic triangle groups in Hs are possible. These representations are not
longer faithful. We present an example of a representation of the group A4 44 in
Isom(H5). This example will be used to complete the proof of the main theorem
of this section. A complete classification of these representations can be found in
[6]. The methods used in that paper are different than those used here to find the
example.

In order to understand under which conditions the group G is discrete, we need
to concentrate on a special subgroup of G. It was proven in theorem 2.7 for a
Euclidean or hyperbolic triangle group that the element 7 = (abc)? has infinite
order. Its image under ¢ is the isometry defined by t = ¢(7) = (010203)%. Assume
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that the representation ¢ maps a to s1, b to sy and ¢ to s3. Define the group N ()
to be the normal closure in G of the cyclic group generated by t. We shall study
this subgroup of G. To that end we need first to explicitly compute t.

The element ¢ is the square of the transformation 010203 = R o T{y0), Where
—with the notation of proposition 3.3— w = Rze; —e; and R = R;R;R3. By
equations (12), (13) and (14), R equals

(18) R:(% _”U)

with
u = cos 26 cos 2 + P gin 20 sin 2¢)
v = e cos 20 sin 2¢) — ' sin 20 cos 2

In particular the determinant of R is —1 and its characteristic polynomial is:

(19) p(A) = A% —tr R\ — 1,

(20) tr R = 2i Su = 24 sin 26 sin 29 sin(a — ).
Furthermore:

(21) t = RoT(0) 0 RoTwo) = R 0 T(R-1wiw2s(B-ww))

The linear part of the transformation ¢ is equal to R?. The following lemma shows
the importance of the study of the matrix R in this analysis.

Lemma 5.1. Let ¢ : A — G be a representation of a triangle group as described in
proposition 3.3, and let R be the linear part of the product o10903. Assume that the
representation in not almost trivial, then the following statements are equivalent:

(i) R has an eigenvalue —1.
(ii) R has order two.
(iii) The angle of holomorphy of the real 2-plane V' of C? that contains the set of
points {p12, pas, ps1} = My (L) is 7/2.
(iv) The representation ¢ : A — G is real.

Proof. Since det R = —1 and R € U(2) it is clear that (i) and (ii) are equivalent.
Also by the definition of a real representation (iii) and (iv) are equivalent.

We need to prove that (i) and (iii) are equivalent. From equations 19 and 20
one can see that (ii) is equivalent to:

sin 26 sin 24 sin(a — §) =0

Where 6, ¥, a and (§ are as defined by lemma 3.2. The values of these angle range
from 0 to m/2 therefore the solutions of this equation are § = 0 or 7/2, ¢ = 0 or
/2 or a = f3.

If 6 = 0 or ¥ = 0, the three lines [, l5 and I3 coincide and the group G is almost
trivial.

Applying lemma 2.6 with p = ey, r = ¢ and § = 7/2, the angle of holomorphy ¢
is equal to w/2. Analogously, with p = e; and r = ¢ — e; and ¢ = 7/2, the angle
of holomorphy is again equal to /2.

Finally if @ = § then argq: = arg(q1 — 1) which can only happen if ¢; € R,
therefore o = 0, and equation (10) shows that ¢ = 7/2. O
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The matrix R belongs to U(2), and its order gives information about the repre-
sentation ¢ : A — G. Moreover det R? = 1, therefore the linear part of ¢ belongs
to SU(2).

Let us assume first that the order of R is finite; the infinite order case will be
studied later.

Lemma 5.2. Suppose that ¢ : A — G is a representation of a triangle group A
that is not almost trivial. Suppose that R = R1RoR3 is a matrixz of finite order.
Then, the order of R is an even integer 2n. If n = 1 the representation ¢ is real
and t is a non-zero Heisenberg translation that leaves the real plane V' that contains
Iy (£) invariant. If n > 1, then ¢ is not real and t"™ is a vertical translation.

Proof. The order of R is even because det R = —1. If n = 1 the only parts of this
lemma that are not a restatement of lemma 5.1 are the nontriviality of ¢ and that ¢
leaves V invariant. The isometry ¢ is the image under ¢ of 7 = (abc)? € A. The the
orientation preserving group AT of A (section 2.6) maps to an index 2 subgroup
G of G. Suppose that t = ¢(7) = 1. In AT the element 7 is equal to a3y and the
group AT /N(7) has presentation:

AT/N(T) = (8,7 ] (BY)", B4, By By)

which is a subgroup of the finite group Z/pZ x Z/qZ, and would map surjectively
onto GT via the map induced by ¢. Therefore G is finite. By theorem 4.4 G must
be almost trivial, a contradiction. We have then that ¢ is nontrivial.

We need to prove that ¢ leaves V' = Spang (I (£)) invariant. Up to a change
of coordinates assume that the points of Iy (L) are o, e; and ¢ = (q1,¢2), with
¢1 € C and g2 € R. With this notation V' = Spang(e1,q). From the proof of
lemma 5.1 we have that R has order two if sin(a — 3) sin(2¢) sin(260) = 0, where «,
B, 0 and 1 are as defined in lemma 3.2. As it was discussed in that proof 8 = 0
(or ¢» = 0) implies that G = Z/2Z. Therefore we analyze the other solutions. If
0=Z(C-e,C-q) =n/20rifp = £(C-e1,C-q—e1) = 7/2 from equation (7) it is
clear that ¢ € R2. Similarly if & = arg(q;) = 0 (equivalently 8 = arg(q; — 1) = 0)
q1 € R, so ¢ € R?. Finally, if ¢ € R? then V = R? and t is a real translation that
fixes V' as claimed.

Suppose n > 1 by equation (21) the element ¢ equals

2
R” o T R-1w4w 23 (R 1w,w))-

In fact R~*w + w # 0. If not either w # 0 and Rw = —w or w = 0. The former
is impossible by lemma 5.1, the latter by observing from the explicit formula for w
(lemma 3.2) that w = 0 would imply that ) = 0, and hence G = Z/2Z. (See proof
of lemma 5.1.) For simplicity let ( = R~'w + w and A = R?. Call t. the map in
C? defined by Il ot = t. o Ily. Then t.(z) = Az + ¢, and

n—1
th(z)=z2+» A
=0
But (A —-1) Z;L:_(} A = 0. So either Z;L:_g AJ¢ =0 or 1 is an eigenvalue for A.

If 1 is an eigenvalue for A € SU(2), A must be the identity matrix, and n = 1.
Therefore Z;L;Ol AI¢=0,t" =1, and t" is a vertical translation, as claimed. Il

As a direct consequence of this lemma we have:
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Corollary 5.3. Suppose ¢ : A — Isom(Hs) is discrete and faithful on dihedral
subgroups and A is hyperbolic, then the representation ¢ is not real.

Proof. Suppose that ¢ is real, in that case we can restrict ¢ to a totally real subspace
of C?. However, it is not possible to find a representation of a hyperbolic triangle
group in R? which is faithful on dihedral subgroups. O

And in fact if G is discrete and the representation ¢ is real, the group A must be
Euclidean. If ¢ is real, then ¢ = Iy o ¢ leaves a real subspace W of IIy (Hs5) = C?
invariant, and since ¢ is discrete, then ¢ is a discrete representation of a triangle
group in W = R2, then A must be of Euclidean type. The converse is also true
but much more difficult to prove, first we prove that the matrix R defined above
has order 2 and invoke lemma 5.1.

From now on unless it is specifically stated we assume that A is a Euclidean
group and that ¢ : A — G C Isom(Hs5) is a discrete representation, faithful on
dihedral subgroups, that is not almost trivial.

Theorem 5.4. The group A is Euclidean if and only if the representation ¢ is real.

In that case by lemmma 2.8 the representation ¢ is also faithful, since it is just
the extension of a representation of a Eucliden group in R? to the Heisenberg group.

To prove this theorem we will need to show that if A is Euclidean, the repre-
sentation ¢ is real. By lemma 5.1 this is equivalent to A = I. We will show this
by using the structure of the group A in the Euclidean case and by studying the
projection of the group N(7) C AT into SU(2). We will proceed by contradiction,
assuming that A # I and proving that this is impossible if the group A is Euclidean.
(This is not longer true in if A is hyperbolic.) Two cases arise: A of infinite order,
and A of finite order. For the case of A of finite order we need two results that are
explained in the following lemma and proposition.

Before we can continue we need to fix some notation. Consider the representa-
tion ¢t : AT — Gt C Isom™ (Hs5) = Hs x SU(2), of the orientation preserving
group AT. We will compose this representation with the natural projection 7 :
Isom™ (H5) — SU(2) to obtain a representation ¢’ : AT — G' = n(G*) C SU(2),
using the properties of this Lie group most of the results will follow. We fix the
notation z,, g and x., for the images under ¢’ in SU(2) of the generators «,
and v of AT, respectively. From lemma 3.2 we have z, = R1 Rz, z3 = R2R3 and
Ty = R3R1.

Lemma 5.5. Assume that x,, has order bigger than two, and R has order different
from four. If x,, commutes with R? then ¢ is a real representation.

Proof. We need to prove that R has order two. Let A = R?, Since A is Euclidean,
the group N(A) = n(N(t)) is abelian. Then it must be contained in a maximal
abelian subgroup of SU(2).

Assume that A" = I, n > 1. Since n > 2, N(A) has at least three elements.
Let T be the maximal torus that contains N(A). Since g N(A)g = N(A), for all
g € m(GT), then g7'Tg = T for all g € G*. We have that z,25 = 7, *4 € T.
Then either z, € T, and A = 212,23 = Toxsxy = 1, or , € T. By lemma 2.9
z, Y (zyz5)2y = (2425)"" which implies that zg2z,? = 1.

Two of the three Euclidean groups contain an element of order two. If z5% =1
or z,% = 1, this last equation implies that z,? = 1 or z3% = 1, respectively. In
that case then the group A would be type (p,2,2), which is spherical, and this is



18 ALBERTO CASTRO

impossible. The other Euclidean group is of type (3,3,3). Then x5 = 9&[2 =

(z,%)? = 2,* = 2. So, z, and xg commute and A = I. O
The case of R of order four remains to be ruled out. In fact we obtain the

surprising result:

Proposition 5.6. Suppose that R has order four, and that ¢ : A — Isom(Hs) is
a representation that is discrete on dihedral groups, them A is hyperbolic of type
(4,4,4) and G is generated by s, = ¢(a), sp = &(b) and s. = ¢(c). If under
a change of coordinates we make Iy (L) = {o,e1,q} with Rgs > 0, then G is
generated by the Heisenberg isometries s,((,v) = R1(C,v), sp(¢,v) = Ra(¢,v) and
Sc(va) = (R3 © T(w,()))(C7v)) with

m ne(L8) e 5)

me(eh) »=(7)

where & is a unit complex number. All these representations are conjugate by a
Heisenberg rotation. Moreover, 2 = (sqsp50)* = T(o,48) and G' = ¢'(AT) (C
SU(2) = S'H) is a group isomorphic to the integer unit quaternions.

Proof. Since R has order 4 and det R = —1 its eigenvalues must be both equal to
either 4 or —i. From equations (19) and (20) we have that this condition implies
that:

sin(260) sin(2¢) sin(a — 8) = £1
(with 0, ¢, @ and 8 as in lemma 3.2). Therefore 6 = ¢y = 7/4 and a — 3 =
+7/2. Replacing these values in equations (12), (13), and (14) we obtain (22). A
computation using equation (21) shows that t* = T{o +s). Finally it is easy to check

that the representation ¢’ : AT — G’ C SU(2) = H maps AT onto the integer unit
quaternions {+i, +j, £k}, in fact ¢'(zo) = i, ¢'(zg) = j and ¢'(z,) = k. O

Using the identification given by equations (1) and (2) for the matrices that
generate G in the previous theorem, we obtain:

1 0 0 0 0 i€ 0 0
N B o —i€ 0 0 0
Y10 0o 10 271 0o 0 10

0 0 0 1 0 0 0 1

0 ¢ 1 1
& 0 - ¢
BTl 1 ¢ 0 -1
-1 ¢ 1 0

Conjugating these matrices by

S OMml O
o= o O
_ o O O

O OO =
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we obtain

1 0 00 0 ¢« 0 O
oy = 0 -1 0 O - - 0 0 O
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1

0 1 1 1

oy = 1 0o -1 -1

1 -1 0 -1

-1 1 1 0

Hence G = (01,09, 03) is conjugate to a subgroup of PU(3,1;Z[i]), and therefore
is discrete. (We would like to thank J. Parker for calling this fact to our attention.)
We are ready to prove theorem 5.4.

Proof. (of Theorem 5.4) It remains to be shown that if A is Euclidean then ¢ is a
real representation, equivalently, by lemma 5.1, that A = R? = I.

Case I Assume first that A has infinite order, call N(A) the image under ¢ of
N(7) C AT (see section 2.6 for the definition of N(7)). Since A is Euclidean, N (1)
is abelian and normal, therefore N(A) C SU(2) is abelian an it is contained in a
maximal torus of SU(2). From now on we will use the identification SU(2) = S'H
and we will use the notation introduced in section 2.7.

Since N(A) is abelian it is contained in a maximal torus T =2 S'*. The group
G’ C SU(2) normalizes N(A), in particular 2, ' N(A)z, = N(A). Since N(A4) is
infinite, by continuity z, !Tz, = T. Without loss of generality assume that z,
has order bigger than two, then if z, € T, by lemma 5.5 A = I, and therefore
Zo ¢ T. By lemma 2.9 Ta 2txa? =1t, 50 2,2 € T =2 S1. The only elements not in
S1 that normalize it and satisfy this property have the form bj, with b € S'. But
then 2,* = 1, and since A is Euclidean A = A(2,4,4), and either x5 or ., must have
order 2. The only element of order two in S'H is —1, which is central, therefore
A =z02,28 = Tatgry = 1.

Case II Suppose A has finite order n. By proposition 5.6 n > 2. Therefore N(A)
has at least three elements and g~ !Tg = T for all g € G’. If either z,, x5 or x,
have order two a computation similar to the one done in Case I shows that A = 1.
This takes care of the triangle groups Az 44y and Az 36). The only Euclidean
triangle group that remains is A3 33). By lemma 5.5 2, ¢ T, and by lemma 2.9
To 2txa? =t, forallt € T, but then zo = bj, b€ S, and z,* = 1, which implies
that z, = 1 contradicting proposition 3.4. O

6. TETRAHEDRAL GROUPS

Using the results of the previous section we shall prove the rigidity result that
was stated in the introduction (Theorem 1.2). In this section let K be a complex
tetrahedral group associated to the tetrahedron with set of vertices C. And for
every vertex ; € C, let G; be the associated subgroup generated by the three
generators of K that fix that vertex.

Definition 6.1. K is said to be of Euclidean type, if for all the vertices Q; € C, G;
is the representation of a Euclidean triangle group A in the subgroup of PU(n,1)
that stabilizes that vertex.

*Here S' stands for the unit complex numbers S C STH
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Corollary 6.2. Let C, K and G; as above. Let Hi be a Heisenberg space obtained
by taking horospherical coordinates with center at Q;. Suppose the group K is of
FEuclidean type and discrete. Then,
i) the group G; is a representation ¢; : A — G;Isom(HL), of a fized Euclidean
group A = A, g0y (foralli=1,...,4).
ii) if * represents the vertical projection in Hi, and Qz the projection of Q; in
Hé (for i # j), then the triangles with vertices:

VT = {7'(Q3), 7 (Q%), 7 (Q})} c C* C M}
VT, = {7*(Q}),7*(Q3),7*(Q})} c C* c M2
VT3 = {7%(Q%),7*(Q3), 7 (@)} c C* c M}
VT, = {=*(Q1),7(Q3), 7 (Q3)} c C* c M2,

are contained in totally real subspaces of C2.

Proof. We prove (i) first. The product of two of these reflections is a rotation v;; of
order bigger than one, around the complex line spanned by the vectors C—{Q;, Q;}.
Figure 1 shows the configuration of planes and lines. It is easy to check that if
Uiy = Vi3 = V33 = 1, then &, = v3, = v], = 1. Therefore the group A = A, ;. is
the same Euclidean group for all the representations ¢; : A — G; C Isom(H3).

For the proof of (ii) apply theorem 5.4 to each of the subgroups G;. O

Proposition 6.3. Let L = {po,p1,p2} be a set of three different points in Hs.
Suppose that Iy (L) is contained in a totally real affine subspace of C?. Let ¢y, c;
and co be the unique vertical one-chains in Hs through the points po, p1 and pa,
respectively. Then, for any point gy € cg there are unique points g1 € ¢1 and gz € ca
such that the set of points Q = {qo, q1,q2} is contained in an infinite R3-sphere.

Proof. Moving pg by an isometry if necessary, assume without losing generality that
po is the origin of Hs5. Theorem 2.2 states that any infinite R3-sphere through g
is an affine subspace of H5 that is mapped injectively by Iy onto a totally real
subspace of C2.

Let & = {Ep}per; C T(Hs) be the canonical contact structure of Hs induced by
the canonical CR structure of 9HE,, see 2.2.3. R3-spheres are contact submanifolds
of this contact structure. These R3-spheres (of dimension 2) are Lagrange surfaces
of Hs (of topological dimension 5). Consider the vertical projection Iy : Hs — C2.
Given a totally real subspace V' C C? and a point p € Hjs there is a unique horizontal
lifting S of V' such that p € S. This means that

T.(S) C E,

for all z in S. This horizontal lifting is an R3-sphere.

Let V be the real subspace of C? that contains Iy (£), and let S¥ be the lifting
of V to an R3-sphere through ¢q. By hypothesis ¢; and ¢y are vertical chains, then
Iy (¢;) = p; for i = 1,2, therefore the intersection of ¢; with SY is a unique point,
define g1 = ¢; N SY and g2 = co N S, O

The following geometrical theorem is a consequence of the previous proposition.

Theorem 6.4. Let C = {poo,po,p1,p2} be a set of four different points in OHE,.
Suppose that the vertical projection from poo (respectively py) of the points pg, p1
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and ps (respectively the points poo, P1 and pa) is contained in a totally real subspace
Vo (respectively Vi) of C?. Then
A(poovp07pl) + A(p07p007p2) =0

Before proving this theorem it is necessary to prove some lemmas.
Lemma 6.5. In horospherical coordinates the chain c corresponding to the unique

complex geodesic from the point o = (0,0) to the point p = (z,u) is defined by the
equations:

(23) v==23(C o)y 1€ = Coll = li<oll

and ¢ belongs to the subspace V' of Hs, which is defined to be the unique infinite
two-chain containing o and p. The vector (y is defined by:

(=] + iw)
2||z1?

Moreover, the chain c intersects the plane v = 0 only at the points o and r = (2(, 0).

o =

Proof. The general equation (see (5)) for a chain ¢ with center O, = ({p, vp) and
radius r is:

v =1y —23((, CoY), [I¢ = Coll = 70,

for ¢ € V. Choose ro = ||(o]| , o = (”ZQHFTTQM z and vg = 0. It is easy to verify that
the points o0 and p belong to the chain c¢. The first part of the proof is obtained by
the uniqueness of ¢ . Solving the equations for the chain given by (23) and v = 0
one obtains that ( = k(p, with £k = 0,2. The two intersection points are then, o

and r = (2o, 0). O

Lemma 6.6. Any infinite R3-sphere S of Hon_1 that contains the origin is an
affine subset of C" 1, defined in Hopn—1 by v = 0.

Proof. Theorem 2.2 states that S is an affine subspace of Hs,,_1, on the other hand
S is a contact surface (section 2.3). At zero the contact plane is defined by the
equation dv = 0 (remember that a calibration for the canonical contact structure
in Hoy—1 is given by w = dv + 23(d¢, ), and the lemma follows. O

We can now prove theorem 6.4.

Proof. (of Theorem 6.4.) Assume without loss of generality that py = ((0,0),0),
the origin of Hs. Let II5? and IIY, be the vertical projections from p., and po,
respectively. Let ¢; be the chain corresponding to the unique complex geodesic
from p; to P, and cg; be the chain corresponding to the unique complex geodesic
from p; to po.

With the notation of the previous proposition choose gy = pg. The points II5? (L)
are by hypothesis contained in a totally real subspace V; of C2. Then by proposition
6.3 there is a unique R3-sphere, S¥, that contains py and projects to V,. Let ¢
and g2 be the unique points of intersection of ¢; and co with S}, respectively.

Analogously consider vertical projection from pg, in this case

I3, (C — {po}) = {11} (pos), 11, (p1), 11, (p2) }

is contained in a totally real subspace Vo, of C2. By the previous proposition there
is a unique R3-sphere (S77) that contains po, and projects to V.. Let r1 and 72 be
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F1GURE 3. Configuration of chains between the points of C.

the unique points of intersection of cy; and cp2 with S{°, respectively. (Compare
with figure 3.)

Lemma 6.6 implies that S{° and SY are contained in C? (v = 0). In particular
this implies that the points q;, g2, 7 and ry are also contained in C2. Define the
subspaces V; of Hj by V; = II;,' (Spanc{IIv (p;)}), for i = 1,2. These are infinite
two-chains, therefore they bound a complex two-space (and each can be identified
with a 3-dimensional Heisenberg space). By hypothesis the points pg, poos Di, G
and r;, will be contained in V;, for ¢ = 1, 2.

On each subspace the configuration of real and complex subspaces is shown in
Figure 4, the dotted lines represent the subspaces S, N'V; and Si° NV;.

A

p

FIGURE 4. Subspace V;.

By lemma 6.5 the points r; and ro are given by:

_ (UG ]? + i) _ (UI%]? + ivs)
= <WCMO) » T2 = (WC%O) :
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The points ¢; and g2 are ((1,0) and ((2,0), respectively. Define the planes

M1 = Hv(S?/) = SpanC{Hv(ql),Hv(QQ)} and
M2 = Hv(S‘O/O) = SpanC{Hv(’I‘l),Hv(’l’g)}.

These planes are totally real subspaces of C? and therefore there exists a number
€ € C, |¢] = 1 such that My = {M;. This is possible if and only if

arg([|G1 1 + iv1) = arg([|Gal|” + iv2).

By lemma 2.4 this is equivalent to A (peo, Po, 1) = A(Poo, Po, P2)- O

We call a subgroup of PO(3, 1) real tetrahedral if it is generated by the reflections
on the four faces of an ideal tetrahedron in H3;. Define the real tetrahedral groups
G (p,q,r) by the groups of reflections on a tetrahedron 7, ,,) that has the property
that the intersection with every sufficiently small horosphere centered at one of the
vertices of the tetrahedron is a triangle of interior angles (w/p, 7/q, /7).

Theorem 6.7. Every discrete real tetrahedral subgroup of PO(3,1) is conjugate to
either G(37373), G(27474) or G(2,3,6) .

Notice that the inclusion PO(3,1) C PU(3,1) embeds these groups as exam-
ples of complex tetrahedral groups. In other words, the complexifications of the
tetrahedrons 7, ;) C H3, C HE, produce examples of discrete complex hyperbolic
groups.

We now prove the main theorem:

Theorem 6.8. (Main Theorem) Every discrete complex tetrahedral subgroup of
PU(3,1) of Fuclidean type is the complezification of a discrete real tetrahedral sub-
group of PO(3,1).

Proof. Consider the tetrahedron with vertices in C = {pso, po, p1,p2} and let
Ay =A(poo,po,p1) Az = A(po,p1,p2)
Az =A(p1,p2,P0) As= A(p2,Poo,P0)

be the corresponding Cartan invariants (see section 2.4).
Corollary 6.2 implies that any two different sets of three different points of C
satisfy the conditions for theorem 6.4. Therefore

A, —A, = 0
A1 +A3 = 0
A, -Ay = 0.

Adding these three equations one obtains:
2A1 + A1 — A+ A35—-A;=0.

By theorem 2.3 we conclude then that A; = 0. Similarly we can prove that A; =0
fori=2,3,4. O

Corollary 6.9. The complezifications of the subgroups G333y, G(2,4,4) and G 3 3 ¢)
of PO(3,1) in PU(3,1), have no deformations in PU(3,1).
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